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High-Performance Trick

• Computations (i.e., 3.4*1.22): essentially free

• Memory access determines speed of code

Pick memory-efficient algorithm!!
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Finite Element Analysis

� Simulation of engineering phenomena

–Structural, thermal, fluid, …

–Static, modal, transient

–Linear, non-linear
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Structural Static FEA
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Typical Bottleneck
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Linear Solvers
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Direct Sparse on GPU

Ku f=

(2008)
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Direct Sparse on GPU

Ku f=

Effective speed-up

Memory Limited!



Linear Solvers
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• Repeated Matrix-Vector ops

• Ideally suited for GPU!
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Linear Solvers
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Two Goals:

1. Minimize #iterations & B dependent

2. Minimize cost of K*u (SpMv)
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Iterative Ku = f 

Presentations at GTC 2012 Conference
� Fine-grained Parallel Preconditioners

� CULA 

� MAGMA 

� Accelerating Iterative Linear Solvers 

� Efficient AMG on Hybrid GPU Clusters 

� Preconditioning for Large-Scale Linear Solvers 

� &
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CuSparse
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CULA Sparse
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Ku = f in FEA context
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Accelerate linear solve in FEA context!
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Linear Solvers
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Assembled K*u

GPU thread per node
?
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    
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~100 non-zeros

1. Assemble K (CPU/GPU)

2. Push to GPU

3. Execute K*u in parallel

Coalesced memory access

limits performance!
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Linear Solvers
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Matrix-Free

 
=  
 
∑ e

e

K K

? ...

          
          

= + +          
          
          

( ) 
= = 
 
∑ ∑e e e

e e

Ku K u K u



Overview

Detect

Congruency

Hex-mesh

Compute Ke of templates

Push data to GPU

Assembly-free

Ku = f on GPU 



Congruence Examples

� Structured grid, isotropic material

– 8192 elements

– One template element

– 1 Ke matrix (24*24); 4.6 KB

� Unstructured grid, isotropic material

– 6144 elements

– 34 template elements (~0.5%)

– 34 Ke matrices; 156 KB (vs 28 MB)



Results

� Unstructured grid, composite layers

– 83584 elements

– Material congruency check

– 322 templates (~0.4%)

– 1.48 MB storage (vs 384 MB)



Exploit Element Congruency

20 distinct elements

120 distinct elements 1 distinct element

1.48 MB storage (vs. 384 MB)
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Philosophy

Less memory you use

⇒ Less memory you will fetch

⇒ Faster will be your code!!



Assembly-free y = Kx in GPU

Algorithm (per thread/node):

For each neighboring elem

For each of 8 nodes of elem

Get (u,v,w) of node

Apply Ke of elem, node

Accumulate into uResult, &

Push uResult to Memory



GPU Data

� Separate storage for (u,v,w) for coalesced memory access.

� Can reduce foot-print further



K*u on GPU
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Platform

� 64 bit Windows Office Professional

� CPU:

– i7, 3.2 GHz, 6 GB 

– C Code single core

� GPU:

– GTX 480 (400 cores)

– 1.5 GB



Timing: Problem 1

� Isotropic structured hex mesh

� 32 x 16 x 16; 1 template element

� 28,000 dof
Fixed

Overhead 

cost (s)

Solution

time (s)

Matlab – Assembled; direct solve 1.8

(K assembly)

7.0

Matlab – Assembled; CG (1e-10) 1.8

(K assembly)

8.7

C– Assembly-free; CG (1e-10) - 8.0

CUDA – Assembly-free; CG (1e-10) 0.13

(GPU transfer)

0.20



Timing: Problem 2

� Isotropic structured hex mesh

� 32 x 32 x 16; 1 template element

� 55,539 dof
Fixed

Overhead 

cost (s)

Solution

time (s)

Matlab – Assembled; direct solve 3.6

(K assembly)

33.2

Matlab – Assembled; CG (1e-10) 3.6

(K assembly)

2.73

C– Assembly-free; CG (1e-10) - 19.8

CUDA – Assembly-free; CG (1e-10) 0.16

(GPU transfer)

0.29



Timing: Problem 3

� Isotropic structured hex mesh

� 64x 32 x 16; 1 template element

� 109,385 dof
Fixed

Overhead 

cost (s)

Solution

time (s)

Matlab – Assembled; direct solve 7.1

(K assembly)

> 8 mins

(stalled)

Matlab – Assembled; CG (1e-10) 7.1

(K assembly)

8.8

C– Assembly-free; CG (1e-10) 0.0 60.8

CUDA – Assembly-free; CG (1e-10) 0.19 s

(GPU transfer)

0.66



TIming: Problem 4

� Isotropic structured hex mesh

� 64 x 32x 16; 2 template element

� 109,000  dof
Fixed

Overhead 

cost (s)

Solution

time (s)

Isotropic Composite Isotropic Composite

Matlab: Direct -- -- -- --

Matlab: CG 7.1 7.1 8.8 22.0

C: CG, AF 0.0 0.0 60.8 154

CUDA: CG, AF 0.16 0.17 0.66 1.6

Same K, but 

2.5 x CG 

iterations.

No penalty in

GPU due to non 

isotropy



Timing: Problem 5

� Isotropic structured hex mesh

� 256 x 128 x 64; 1 template element

� 6.5 million dof

� 468 MB GPU memory 

Overhead 

cost (s)

Solution

time (s)

Matlab – Assembled; direct solve -- Stalls!

Matlab – Assembled; CG (1e-10) -- Stalls!

C– Assembly-free; CG (1e-10) -- Stalls!

CUDA – Assembly-free; CG (1e-10) 0.41 s

(GPU transfer)

87.2

Fixed



Timing: Problem 6

� Unstructured hex mesh

� Isotropic and Composite (alternate 

layers +/- 60 deg fibers)

� 274,000  dof

� 322 template elements

Fixed

Overhead 

cost (s)

Solution

time (s)

Isotropic Composite Isotropic Composite

Matlab: Direct -- -- -- --

Matlab: CG 18.3 18.3 214.2 216.3

C: CG, AF 0.0 0.0 720.3 770.6

CUDA: CG, AF 0.18 0.18 29.3 35.2

Load



Typical FEA Computing Time

34

DOF PareTO

CPU GPU

Cantilever

Beam; Edge 

110K 8.3 secs 1.9 secs

Stool 2.7M 186 secs 32 secs

Point Load 

Cantilever

15M 51 mins 5.73 mins

92M 12 hr -

1.5 hr on 44 core (ONR)



Topology Optimization 

Reduce weight, but keep it stiff

Structure problem Optimal topologies

10% reduction in weight

2% loss in stiffness

D

50% reduction in weight

12% loss in stiffness

Topology optimization is the systematic generation of such structures

35



Topology Optimization

Design
Space

Finite Element Analysis
(FEA)

Optimal?

Change
Topology

No

10^5 ~ 10^7 dof

Solve Ku = f

K: Sparse SPD

100’s of iterations! 

- Multi-load

- Nonlinear FEA

- Constraints

- &
36



Knuckle Optimization
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TopOpt Computing Time
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Name of part & 

volume fraction

DOF Pub. 

Data

PareTO

CPU GPU

Cantilever

Beam; Edge (0.50)

110K 2.4 hr 200 secs 45 secs

Knuckle (0.55) 20K -- 111 secs 44 secs

Bridge (0.35) 113K -- 2 mins 36.2 secs

Stool; N=96 (0.20) 2.7M 21.8 hr 1 hr, 24 

mins

14 mins

Point Load 

Cantilever (0.50)

783K 3.9 hr 16 mins 125 s

15M - 19hr, 28 

mins 

2hr, 12 mins

92M - 12 days, 

2hr

-



PareTO

Download: www.ersl.wisc.edu
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Email: suresh@engr.wisc.edu



Acknowledgements

� Graduate Students

� NSF

� UW-Madison

� Kulicke and Soffa

� Luvata

� Trek Bicycles

Publications available at

www.ersl.wisc.edu

Email

suresh@engr.wisc.edu


